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Abstract. The number \K | of non-isotopic framed knots that correspond to a 
given unframed knot K C S [i is infinite. This follows from the existence of the 
self-linking number slk of a zerohomologous framed knot. We use the approach 
of Vassiliev-Goussarov invariants to construct "affine self-linking numbers" 
that are extensions of slk to the case of nonzerohomologous framed knots. 

As a corollary we get that \K\ = co for all knots in an oriented (not 
necessarily compact) 3-manifold M that is not realizable as a connected sum 
(S 1 X 5 2 )#M'. This result for compact manifolds was first stated by Hoste 
and Przytycki. They referred to the works of McCullough for the idea of the 
proof, however to the best of our knowledge the proof of this fundamental 
fact was not given in literature. Our proof is based on different ideas. For 
M = (S 1 X S 2 )#M' we construct K in M such that \K\ = 2 ^ oo. 
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1. Introduction 

We work in the smooth category. Throughout this paper M is a smooth oriented 
connected 3-dimensional Riemannian manifold, unless the opposite is explicitly 
stated. 

A curve in a manifold M is an immersion of S* 1 into M. A framed curve in M 
is a curve equipped with a continuous unit normal vector field. 

A knot (resp. framed knot) in M is a smooth embedding (resp. framed smooth 
embedding) of S . An isotopy of ordinary (framed) knots is a path in the space of 
ordinary (framed) smoothly embedded curves. 

For an unframed knot K in M we denote by \K\ 6 {NU oo} the number of 
isotopy classes of framed knots that correspond to the isotopy class of K when one 
forgets the framing. 

For a framed knot Kf and i £ Z we denote by Kf the framed knot obtained by 
addition of i extra positive twists to the framing of Kf, if i > 0; and by addition of 
\i\ extra negative twists to the framing of Kf, if i < 0. It is clear that every isotopy 
class of framed knots corresponding to K is realizable as one of Kf. However what 
could happen (and actually does happen for knots in some manifolds) is that Kf 
and Kj are isotopic for i =/= j. In this case the isotopy classes of K l ^ +n and of Kj +n 
are the same for every nfZ, and hence \K\ is finite. 

It is well-known that if M = S 3 , then \K\ = oo, and intuitively one expects 
that \K | = oo for all M. For zerohomologous K this follows from the existence 
of the self-linking number slk(ii/) of a zero-homologous framed Kf defined as the 
intersection of the infinitesimal shift of Kf along its framing with an oriented surface 
S bounded by Kf. It is easy to verify that self- linking of a zero-homologous framed 
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knot is indeed well-defined and in particular does not depend on the choice of the 
oriented surface S. It is also clear that this definition can not be made unless the 
knot is zero-homologous. (The work of U. Kaiser [27] allows one to extend the 
homology definition of self-linking to the case where the knot is homologous into 
the boundary of the ambient manifold.) 

The self-liking number slk can also be defined as a Vassiliev-Goussarov invariant 
satisfying certain axioms. We show that the last definition (and certain modifica- 
tions of it) make sense for a vast collection of nonzerohomologous framed knots. We 
called the resulting invariants affine self-linking numbers aslk. As a corollary we 
get that \K\ = oo for all (not necessarily zero-homologous) K in a not necessarily 
compact M such that M is not realizable as a connected sum M'#(S' 1 x S 2 ). This 
result (for compact manifolds) was first stated by Hoste and Przytycki [23]. They 
referred to the work [34] of McCullough on mapping class groups of 3-manifolds for 
the idea of the proof of this fact. However to the best of our knowledge the proof 
was not given in the literature. The proof we provide is based on the ideas and 
methods different from the ones Hoste and Przytycki had in mind. 

For M = Af'#(S' 1 x S 2 ) the examples of K such that \K\ ^ oo were first 
constructed by Hoste and Przytycki [23], and are also discussed in this paper. 

It is well-known that M is realizable as a connected sum (S 1 x S 2 )#M' if and 
only if M contains an embedded sphere that does not separate M into two parts. 
This allows one to reformulate the results of the paper in terms of non-separating 
spheres. 

The famous Bcnncquin inequality provides restrictions on the self-linking number 
of a zero-homologous framed knot realizable by Legendrian and transverse knots in 
a tight contact manifold. We believe that the affine self-linking numbers constructed 
in this paper might provide the necessary ingredient for the generalization of the 
Bennequin inequality to nonzerohomologous knots. What one should probably 
hope to prove is that only framed knots with an affine self-linking number less than 
a certain constant can be realized by Legendrian and transverse knots in a tight 
contact manifold. 

These results of the author most of which appeared as a preprint [5] are philo- 
sophically similar to the later joint results of the author and Yu. Rudyak [8] showing 
that "affine linking numbers" that generalize the classical linking numbers can be 
defined for a vast collection of nonzerohomologous submanifolds Ni and N 2 of the 
ambient manifold M such that dim N\ + dim N 2 + l = dim M. Affine linking num- 
bers have interesting applications to causality and mathematical physics, see [10] 
and [11]. 

The results of this paper do not follow from our results on affine linking between 
two submanifolds [8], and in many cases affine self- linking numbers are harder to 
construct than affine linking numbers. As it is shown in our works with Rudyak [8] 
and [9] the obstruction for the existence of the "affine linking number" is the image 
of the generalized string homology Lie bracket of Chas and Sullivan [4] introduced 
by us in [9]. (This Lie bracket also generalizes [8] the Goldman Lie bracket [15] 
of free loops on surfaces.) This paper illustrates that, similar to linking, self- 
linking can be defined for many nonzerohomologous framed submanifolds via the 
approach of Vassiliev-Goussarov invariants, and that self-linking has nice applica- 
tions in topology. However the general theory of affine self-linking invariants of 
framed submanifolds still needs to be developed. 



framed knots in 3-manifolds and affine self-linking numbers 3 

2. Main results 

Definition 2.0.1 (Vassiliev-Goussarov invariants). A singular (framed) knot with 
n double points is a curve (framed curve) in M whose only singularities are n 
transverse double points. An isotopy of a singular (framed) knot with n double 
points is a path in the space of singular (framed) knots with n double points under 
which the preimages of the double points on S 1 change continuously. 

For an Abclian group A an .4-valued (framed) knot invariant is an ^4-valucd 
function on the set of isotopy classes of (framed) knots. 

A transverse double point t of a singular knot can be resolved in two essentially 
different ways. We say that a resolution of a double point is positive (resp. negative) 
if the tangent vector to the first strand, the tangent vector to the second strand, 
and the vector from the second strand to the first form the positive 3-frame. (This 
does not depend on the order of the strands). 

A singular (framed) knot K with (n + 1) transverse double points admits 2 n+1 
possible resolutions of the double points. The sign of the resolution is put to be + 
if the number of negatively resolved double points is even, and it is put to be — 
otherwise. Let x be an ,4-valued invariant of (framed) knots. The invariant x is 
said to be of finite order (or Vassiliev, or Vassiliev-Goussarov invariant) if there 
exists a nonnegative integer n such that for any singular knot K s with (n + 1) 
transverse double points the sum (with the signs defined above) of the values of x 
on the nonsingular knots obtained by the 2 n+1 resolutions of the double points is 
zero. An invariant is said to be of order not greater than n (of order < n) if n can 
be chosen as the integer in the definition above. The group of .4-valued finite order 
invariants has an increasing filtration by the subgroups of the invariants of order 
< n. 

It is easy to verify that the self-linking invariant of a zero-homologous framed 
knot is a Z- valued order < 1 Vassiliev-Goussarov invariant that increases by two 
under every positive passage through a transverse double point. (The sign of a 
passage through a double point is the sign of the resolution of the double point 
that happens during the passage.) In fact the above properties define the self- 
linking number up to the choice of its value on one framed knot in each connected 
component of the space of framed curves. 

Recall that a manifold M is said to be irreducible if every two-sphere embedded 
into M bounds a ball. It is well-known that every closed oriented 3-manifold that 
is not realizable as a connected sum (S 1 x S 2 )#M' admits a decomposition into 
a connected sum of irreducible manifolds. In fact this decomposition is unique 
up to the permutation of the summands and additions of S 3 . Recall also that a 
manifold is prime if it can not be decomposed as a nontrivial connected sum, and 
that (S 1 x S 2 ) is the only oriented closed prime manifold that is not irreducible. 

Theorem 2.0.2. Let M be a closed oriented 3-manifold realizable as a connected 
sum of irreducible 3-manifolds #j e jMj, and let T' be a connected component of 
the space of framed curves in M. 

1: If framed curves from T' are not homotopic to a curve contained in one of 
the irreducible pieces Mj, then there exists a Z-valued "affine self-linking 
invariant" aslk of framed knot from T' such that it increases by two under 
every positive passage through a transverse double point. 
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2: // curves from T' are homotopic to a curve contained in one of the irre- 
ducible pieces Mj, then there exists a Z-valued "affine self-linking invariant" 
aslk of framed knot from T' such that: 
a: it increases by two under every positive passage through a transverse 
double point, provided that one of the two loops of the singular knot 
separated by the double point is contractible; 
b: it does not change under other passages through a double point. 

For the Proof of Theorem 2.0.2 see Section 4. 

Remark 2.0.3. Invariants aslk and aslk defined in the Theorem are clearly Vas- 
siliev invariants of order < 1. It is easy to see from the proof of Theorem 2.0.2 
that they are defined uniquely up to an additive constant which is the value of an 
invariant on a preferred knot from T' . This ambiguity in the choice of the value 
on a preferred knot is similar to the ambiguity in the choice of the zero vector in 
the affine vector space, and it is the reason for the word affine in the name of the 
invariants. 

As it was explained before, the definition of the aslk invariant coincides with 
the Vassiliev-Goussarov definition of the classical self-linking number slk of a zero- 
homologous framed knot. Since ni(S 3 ) = 1, it is easy to see that the invariant 
aslk coincides (up to an additive constant) with the classical self-linking number of 
framed knots in S 3 . Thus both invariants aslk and aslk are natural generalizations 
of the self-linking number. 

A closed irreducible manifold is atoroidal if it does not admit essential mappings 
ji : S 1 x S 1 — > M , i.e. mappings such that ^i* : tti(S 1 x S 1 ) — > ni(M) is injective. As 
it is essentially shown in the first version of [7], Theorem 3.0.8, and in [5], the aslk 
invariant exists also for all knots in an irreducible closed atoroidal 3-manifold M. 
(The same result can be easily concluded from the slightly later independent works 
of U. Kaiser [28] and [29].) As we show in 4.2.4 and 4.2.21 the same in true if the 
irreducible component Mj of M into which K is homotopic is atoroidal; or if Mj is 
not one of the Scifcrt-fibered manifolds over S 2 corresponding to Euclidean triangle 
groups and the characteristic submanifold of Mj does not contain components that 
are Seifert-fibered over a nonorientable surface. 

2.0.4. Affine self-linking invariants for framed knots in compact M. As it is shown 
in Lemma 5.0.22 told to us by S. Matveev [33], every compact oriented M that does 
not contain nonseparating spheres can be included i : M — > M into a closed oriented 
M that also does not contain embedded nonseparating spheres. (Recall that M 
contains an embedded nonseparating sphere if and only if M = (S 1 x 5 2 )#M', for 
some M' .) This allows one to define affine self-linking numbers for framed knots in 
compact M . 

However i does not necessarily respect the decomposition into irreducible sub- 
manifolds, since M could contain separating disks, and : tti(M) — ► tti(M) is 
not always injective. This approach allows to define at least one of aslk and aslk 
for a framed knot in an oriented compact M that does not contain nonseparating 
spheres. It can occur however that the inclusion construction defines the aslk in- 
variant (rather than aslk) for a knot homotopic into an irreducible summand of 
M (but not of M). Also the aslk invariant of a knot in M defined via i might 
change under passages through double points with one loop of the singular knot 
contractible in M, but not necessarily in M. 
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Luckily in many cases it is possible to show the existence of aslk and aslk directly. 
Namely in the proof of statement 1 of Theorem 2.0.2 it suffices to assume that M 
is compact (and not closed), see 4.f .4. In the proof of statement 2 of Theorem 2.0.2 
it suffices to assume that the prime summand Mj of M into which knots from T' 
are homotopic either does not admit essential mappings of S 1 x S 1 or that it is 
Haken, see 4.2.10. In particular aslk exists if every essential mappings of a torus 
into Mj is homotopic into dMj, a conclusion that is essentially contained in the 
work of U. Kaiser [28] for irreducible M. 

The affine self-linking invariants of Theorem 2.0.2 are essential in the proof of 
the following Theorem. 

Theorem 2.0.5. Let M be a (not necessarily compact) oriented 3-manifold such 
that it is not realizable as a connected sum M'^(S 1 x S 2 ), then \K\ = oo for all 
(not necessarily zero-homologous) unframed knots K in M. 

For the proof of Theorem 2.0.5 see Section 5. 

This result (for compact manifolds) was first stated by Hoste and Przytycki [23] . 
They referred to the work [34] of McCullough on mapping class groups of 3- 
manifolds for the idea of the proof of this fact. However to the best of our knowledge 
the proof was not given in the literature. The proof we provide is based on the ideas 
and methods different from the ones Hoste and Przytycki had in mind. (Partial 
cases of this result of the author prior to the preprint [5] appeared in [7], Theo- 
rems 3.0.6, 3.0.9, and Remark 3.0.10, where the Theorem was proved for all knots 
in closed orientable hyperbolic 3-manifolds and in the orientable total spaces of 
locally-trivial S^-bundlcs over a surface F ^ S 2 ,RP 2 .) 

2.0.6. Framed knots in non- orientable 3-manifolds. Straightforward geometric con- 
siderations show that if M is a non-orientable 3-manifold, then \K\ = 2 for every 
knot that realizes an orientation reversing loop in M. 

It is also clear that if K realizes an orientation preserving loop in M and \K\ ^ oo, 
then 7^ oo for the lifting K of K to the total space M of the orientation 
double cover p : M — ► M. Thus if M is a non-orientable (not necessarily compact) 
connected 3-manifold such that M is not realizable as (S 1 x S 2 )#M', then \K\ = oo 
for every K realizing an orientation preserving loop. 

The following Theorem shows that if M = M'#(6' 1 x S 2 ), then there exist 
K C M such that \K\ is finite. Examples of this sort were previously described 
by Hoste and Przytycki [23] and later in the works of the author, see [7] Theorem 
3.1. 2.a and [6]. 

Theorem 2.0.7. Let M be an oriented (not necessarily compact) 3-manifold that 
is a connected sum (S 1 x S )#M' , and let K C M be an unframed knot that crosses 
only once one of the spheres t x S 2 C (S 1 x S' 2 )#M' 7 then \K\ = 2. 

2.0.8. Let Kf be a framed knot corresponding to K. As it was essentially shown in 
the works of Hoste and Przytycki [23] and later in the work of the author [6] Theo- 
rem 4.1.1, all the knots K 21 , i 6 Z, are isotopic. Similarly all the knots K 2 j t+1 ,i G Z, 
are also isotopic. Thus \K\ < 2. 

It is possible to show that and Kj are not isotopic for all Kf in all M, see 
for example 5.0.26, and thus \K\ > 2. □ 
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3. Some results needed for the proof of Theorem 2.0.2 

3.1. The covering pr : T — > C. In this section the manifold M is oriented but not 
necessarily compact. 

Let C be a component of the space of unframed curves in M. Let T' be a 
connected component of the space of framed curves in M, such that the curves 
from T' realize curves from C if we forget the framing. Put pr' : T' — > C to be the 
forgetting of the framing mapping. 

Let p : T' — > T be the quotient by the following equivalence relation: /{ ~ f 2 
if there exists a path I : [0, 1] — > T' connecting /{ and f 2 such that Im(pr'(7)) = 
pr'(/{) = pr'(/2). (This means that we identify two framed curves if the nonzero 
sections of the normal bundle to the curve induced by the framings are homotopic 
as nonzero sections.) Put pr : T — > C to be the mapping such that prop = pr'. 

Lemma 3.1.1. pr : T — > C is a covering with a structure group Z, moreover this 
covering is normal, i.e. Im(pr + (7ri(^ r ))) is a normal subgroup o/7Ti(C). 

The mapping 8 : ir\{C,c) — > Z, that maps the class [a] G it\{C,c) of a loop 
a : [0, 1] — > C to the element S([a]) of the structure group Z of the covering such 
that S([a\) ■ 5(0) = 5(1), is a homomorphism. (Here ■ denotes the action of the 
structure group Z and 5 : [0, 1] — > T is a lift of a.) 

The proof of the Lemma is straightforward. 

Definition 3.1.2 (of isotopic knots from T). Let K$, K\ G T be such that pr(i^o) 
and pr(ifi) are knots (embedded curves). Then K and K\ are said to be isotopic 
if there exists a path q : [0, 1] — ► T such that q(0) — Ko, q(l) = K\, and prog is an 
isotopy (of unframed knots). Lemma 3.1.1 implies that framed knots Kffi,Kf t i £ 
T' are framed isotopic if and only if p{Kf t o) and p(Kf : i) are isotopic in T . 

Remark 3.1.3. Finite order invariants with values in an Abclian group A can be 
easily defined in the category of knots from T. Clearly the mapping p : T' — > T 
induces the natural isomorphism of the groups of order < n Vassiliev-Goussarov 
invariants p* : V£ _^ — > V£, _^ of framed knots from T and of knots from J 7 '. 

3.2. /i-principle and some facts about ni(C). 

3.2.1. h-principle for curves in M. 

Put p : STM — > M to be the unit two-sphere tangent bundle of M 3 . The Smale- 
Hirsch ^.-principle, see for example [18], says that the space of curves in M is weak 
homotopy equivalent to the space of free (continuous) loops CISTM in STM. The 
weak homotopy equivalence is given by mapping a curve C to a loop C £ flSTM 
that sends a point t G S 1 to the point of STM corresponding to the direction of 
the velocity vector of C at C (t) . 

A loop a e 7Ti (QSTM, K) is a mapping fi a : T 2 = S 1 x S 1 -> STM, with 
t L a\ lxS1 = K and Ma| S i xl being the trace of 1 € S 1 = {z G C||z| = 1} under 
the homotopy of K described by a. Put t(a) = Ma| s i xl e ni(STM,K(l)). Since 
tti(T 2 ) = Z © Z is commutative, we get that t : 7Ti (CISTM, K) -» tt^STM, K(l)) 
is a surjective homomorphism of ir\(p,STM,K) onto the centralizcr Z(K) of if 6 
iti(STM, K{1)). (t is surjective because if 7 G Z{K), then we can take ^ Q : 
5 1 x S 1 — > STM to be such that u Q L cl = /?, u a | 01 . = 7 and u Q maps the 
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2-cell of S 1 x S 1 according to the commutation relation between K and 7. Clearly 
t(a) = 7 for a G m(ClSTM, K) that corresponds to fi a .) 

If for the loops eti,a 2 G ■k 1 {Q.STM,K) wehavei(ai) = t(a 2 ) G m(STM, K{1)) , 
then the mappings /i ai and /i a2 of T 2 corresponding to these loops can be deformed 
to be identical on the 1-skeleton of T 2 . Clearly the obstruction for n ai and fi a2 
to be homotopic as mappings of T 2 (with the mapping of the 1-skeleton of T 2 
fixed under homotopy) is the element of tt 2 (STM) obtained by gluing together the 
two 2-cells of the two tori along the common boundary. (In particular we get the 
Proposition of V. L. Hansen [19] that t : 7Ti(OX, u) — > Z(u>) < tti(X, u>(1)) is an 
isomorphism, provided that tt 2 (X) = 0.) 

Since every oriented 3-dimensional manifold is parallelizable, we can identify 
STM with S 2 x M and p : STM M with p : S 2 x M -> M. Thus using the 
/i-principle we can view t as a surjective homomorphism t : iri(C,K) — > Z(K) < 

Since tt 2 {S 2 x M) = Z © 7r 2 (M), we get that if a.\, a 2 G 7ri(C, if) are such that 
t(«i) = t(a 2 ) G ■Z'(if) < 7Ti(M, A'(l)), then the obstruction for ai and a 2 to be 
equal in 7Ti(C, if) is an element of Z © tt 2 (M). 

Proposition 3.2.2. Let M be a connected sum M\^M 2 , and let K be a loop in 
M. 

1: If K is not free homotopic to a loop K' that is contained either in M\\B^ C 
Mi#M 2 or in M 2 \ B 3 C Mi#M 2 , then the centralizer Z{K) of K G 
7Ti(M, K(l)) is an infinite cyclic group that contains K G 7Ti(M, K{1)). 

2: If K is a non-contractible loop that is contained in M\ \ B3 C Mi#M 2 , 
then the centralizer Z(K) of K G ■K\{M\#M 2 , K{1)) is the centralizer of 
K G 7ri(M! \B 3 ,K(1)) = ^{M U K{1)). 

To prove this Proposition one observes that by the Theorem of Van Kampcn 
7Ti(Mi#M 2 ) is the free product of 7Ti(Mi) and of 7Ti(M 2 ). After this the proof of 
the Proposition is an exercise in group theory. 

The following Proposition is an immediate consequence of the Sphere Theorem, 
see [22]. 

Proposition 3.2.3. Let M be a (not necessarily closed) oriented manifold that 
is a connected sum wl—\Mi of prime compact 3-manifolds and let (pi : S 2 — > M, 
i = 1, . . . , k, be the embedded spheres with respect to which M is the connected sum. 
Then n 2 (M,x) as the iri-module is generated by the classes of spheres fc, i.e. every 
s G 7r 2 (M, x) can be written as a product s = Y\ ieI sf 1 of the spheroids s, such that 
a: Si maps the the lower hemisphere of S 2 to a path connecting x to the south 

pole of <pj(S 2 ), for some j G {1, . . . , k}; 
b: Si maps the upper hemisphere of S 2 as it is described by <j)j(S 2 ). (The upper 
hemisphere with all the points of the equator glued together is naturally 
identified with S 2 .) 

3.2.4. Loops 7i, 7 2 and j s . Let C be a connected component of the space of curves 
in M and let K G C be a knot. 

Let 71 be the isotopy of K to itself that is the sliding of K along itself induced 
by the full rotation of the parameterizing circle. 

Let 7 2 be the deformation of K described in Figure 1. 

Let s G 7r 2 (M, K{1)) be an element that is realizable by a mapping s : S 2 — > M of 
the type described in Proposition 3.2.3. Put 7^ G iri(C, K) to be a loop, under which 
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Figure 1. The loop j 2 . 

the knot K does not move anywhere except of a small arc located close to 1 e S 1 . 
The points of the arc first slide along the boundary of the tubular neighborhood of 
the path p. Then the arc reaches the embedded sphere (that is s restricted to the 
upper hemisphere) and slides around the sphere, see Figure 2. Finally the points 
of the arc slide back along the boundary of the tubular neighborhood of the path 

P- 






P ' P 

Figure 2. The loop 7 S . 



- p 



Let t : w\(C,K) —> Z{K) < iri(M, K(l)) be the homomorphism described 
in 3.2.1. Let ai,a 2 G ni(C,K) be such that t(ax) = t(a 2 ) G ni(M, K (1)). 
Let to © e G Z © tt 2 (M) = tt 2 {S 2 x M) = n 2 (STM) be the obstruction for a x 
and a 2 to be equal in iri(C,K), see 3.2.1. The Sphere Theorem [22] says that 
e G 7r 2 (M) can be realized as a product e = JXf=i S T OI tne spheroids of the type 
described above (oi = ±1). Straightforward geometric considerations show that 

t(cei rii=i 7a') = ^( a 2) and the obstruction for ol\ J\i=i 7a' an< ^ a 2 to be equal el- 
ements in wi(C,K) is an element to' © G Z © 7r 2 (M) = tt 2 (STM). Finally one 

verifies that ^(aidliLi lsl)l™') = i ( Q: 2) and the obstruction for aidliLi 7^) 7™' 
and a 2 to be homotopic vanishes, i.e. they realize the same elements of wi(C, K). 
Thus we get the following Lemma. 
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Lemma 3.2.5. Let M be a (not necessarily closed) oriented 3-manifold that is not 
(S 1 x S )#M' , let C be a connected component of the space of curves in M , and let 
K G C be a knot. Let ol\, oli G 7Ti(C, K) be such that t(ai) — t(a-i) G ~K\(M, K(l)). 

1: Then there exist spheroids Si G ^(M, K(l)), i = 1, . . . k, of the type de- 
scribed above in 3.2.3, Ui = ±1, and m G Z, such that 7^)7™ = 
a 2 G tt 1 (C,K). 

2: If 7T2(M) = 0, iften ai7™ = «2, for some meZ. 

4. Proof of Theorem 2.0.2 

Since both aslk and aslk are clearly finite order invariants, it suffices to show, 
see 3.1.3, that the corresponding finite order invariants of knots from T are well- 
defined. 

Invariants aslk and aslk are constructed in ji^similar fashion. To construct aslk 
choose a preferred knot Kf G T and a value &s\k(Kf). (The choice of aslk(Kf) is 
the only ambiguity in the construction of aslk and it corresponds to the fact that 
aslk is uniquely defined by its properties up to an additive constant.) 

Let Kf G T be a knot, and let p : [0, 1] — > T be a generic path such that 
p(0) = Kf and p(l) = Kf. Put J p c [0,1] to be set of instances when the 
knot becomes singular under the deformation p. At these instances p crosses the 
discriminant in T . (The discriminant is the subspace of C formed by singular 
knots.) Since p is generic, at these instances the knot has one transverse double 
point, that separates the knot into two loops. Put J p C J p to be set of instances 
when one of the two loops of the singular knot is contractible. Put <jj, j G J p , to 
be the signs of the corresponding crossings of the discriminant. (The sign of the 
crossing is the sign of the resolution of the double point that occurs during the 
crossing.) Put 

(!) A a7 lk (P) = E 2tJ l 

and put 

(2) A aslk (p) - 2(7 r 

Clearly if the aslk invariant of Theorem 2.0.2 invariant does exist then as\k(Kf) — 
aslk(Kf) = A-j- k (p) and we put &s\k(K f ) = &s\k(K f ) + A~^ k (p). 

To show that aslk is well-defined we have to prove that A~ lk (p) = A— p k (p) for 
any other generic path p : [0, 1] — > T with p(0) = Kf and p(l) = Kf. Since 
A^j k (/9 _1 ) = — A~ lk (p), it follows that to prove the existence of aslk it suffices 
to show that A~ k (a) = 0, for every generic closed loop a : [0, 1] — ► T with 
a(0) - a(l) = Kf. 

Similar considerations show that to prove the existence of the aslk invariant it 
suffices to show that A as ik(a) = 0, for every generic closed loop a : [0, 1] — * T with 
a(0) = a(l) = K f . 

The codimension two (with respect to T) stratum of the discriminant consists 
of singular knots with two distinct transverse double points. It is easy to see that 
A a^k( a ') = A a5k( a ') = and Aasik(a') = A aslk (a') = 0, for every small generic 
loop a' going around the codimension two stratum. This implies (cf. Arnold [1]) 



10 



V. CHERNOV (TCHERNOV) 



that if 7 is a generic loop in T that starts at a nonsingular knot Kf, then A~ k (a) 
and A as ik(a) depend only on the element of m(^F,Kf) realized by a generic loop 
a. Now it is clear that A~ k : tti(J-, Kf) — > Z that maps the class of a generic loop 
a (starting at Kf) to A^ k (a) is a homomorphism. Similarly A as i k : ~Ki(!F,Kf) — > 
Z is also a homomorphism. To prove the Theorem it suffices to show that the 
homomorphisms A~ k , A~ k : 7ri(.F, Kf) — > Z are zero-homomorphisms (under the 
corresponding conditions on the component J-'). 

Consider the covering pr : T — ► C, sec 3.1.1, and put K = pr(Kf). Similarly 
to the above we introduce homomorphisms A~ k ,A as i k : ni(C,K) — ► Z. (We will 
use A^j- k and A as i k as the notation for homomorphisms from both 7r 1 (J 7 , Kf) and 
m(C,K).) Clearly A- [k (a) = A- [k (pr(a)) and A as i k (a) = A as i k (pr(a)), for all 
a G 7Ti(JT). A loop a G 7ri(C) is liftable to T if and only if 5(a) = 0, see 3.1.1. 

Now the proof of Theorem 2.0.2 is finished modulo the following technical The- 
orem (with a rather hard proof). 

Theorem 4.0.6. Let M be closed not realizable as M'#(S' 1 x S 2 ). 

1: If K is not homotopic to a loop contained inside of one of the irreducible 
summands of M = ff=j e jMj, then S and A as i k : ni(C,K) — > Z are equal 
homomorphisms. 

2: If K is homotopic to a loop contained inside of one of the irreducible sum- 
mands of M = #j e jMj, then 8 and A— ^ : iri(C,K) — ► Z are equal homo- 
morphisms. 

4.1. Proof of Theorem 4.0.6. Observe that in the Proof of Theorem 4.0.6 we 
can assume that K is any nonsingular knot from C we like. Since Z is torsion free, 
to prove Statement 1 it suffices to show that for every a G tti(C,K), there exists 
i ^ such that A a ^ k (a I ) — S(a l ). A similar observation holds for the proof of 
statement 2. 

We will need the following Lemma. 

Lemma 4.1.1. Let M be (a not necessarily closed) oriented manifold that is not 
(S 1 x 5 2 )#M'. Let 71,72, 7s be the loops described in 3.2.4- Then 

1: <5( 7 i) = A a5k ( 7l ) = A aslk ( 7l ) = 0, and S(j 2 ) = A-^) = A aslk ( 72 ) = 2 
(see 3.1.1, (1), (2) for the definitions of 6, A~ k , A asn J; 

2: <5( 7;s ) = A as i k ( 7s ) = 0; 

3: Let M ^ (S 1 x 5 2 )#M' be closed and oriented. Let K be a knot that is 
contained in one the irreducible summands of M , then A~^ k (j s ) = 0. 

4.1.2. Proof of Lemma 4.1.1. The proofs of statement 1 and of the identity S(j s ) = 
are obtained by straightforward geometric considerations. 

Let s' be the embedded sphere used to construct j s . To get A as i k (7 s ) = 
we observe that A as i k (7 s ) is equal to the intersection index of K G H\(M) and 
s' G H 2 (M). (The moments when the knot becomes singular are those when the 
branch of K that slides around s' passes through a branch of K that intersect s' .) 
On the other hand, since M ^ (S 1 x 5 2 )#M', every embedded sphere separates 
M into two disjoint parts, and thus the intersection index of K and s' is zero. 

To get statement 3 we observe that since K lies in the irreducible summand of 
M, the only crossings of the discriminant that occur under 7 S are those when the 
branch that slides around the sphere s' passes through the small neighborhoods of 
the crossings of the path p (that was used to construct 7 S ) and the sphere s'. Each 
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small neighborhood of the crossing of p and s' gives rise to two crossings of the 
discriminant under 7 S . A straightforward verification show that the signs of the 
two crossings are opposite, and that if one appearing singular knot in such a pair 
has a contractible loop, then so does the other one. Thus A~ lk (7 s ) = 0. □ 

4.1.3. Let us prove statement 1 of Theorem 4.0.6. Let t : tt\(C,K) — > 
Z(K) < 7Ti(M, K{1)) be the homomorphism described in 3.2.1. Clearly t(ji) = 
K G 7Ti(M, K{1)) for the loop ^ introduced in 3.2.4. Take a G tt 1 (C, K). Proposi- 
tion 3.2.2.1 implies that that the centralizer Z(K) of if ^ 1 e 7Ti(M,if(l)) is an 
infinite cyclic group. Thus there exists a nonzero i G Z such that t(a l ) = t{rf), for 
some k G Z. By Lemma 3.2.5 a 1 = 7i 117^7™' f° r some to G Z, == ±1, and 
spheroids Sj of the type described in 3.2.4. 

By Lemma 4.1.1 we have 5( 7 {) = ^ k H) = 0, 5(11 7^) - AjSkOI'tf) = 0, 
and 5(72*) = A a ^j k (7 2 71 ) = 2m. This implies that S(a l ) = A a ^ k (a l ) for our choice 
of i ^ and this finishes the proof of statement 1. 

Below we prove statement 2. Consider first the case of contractible K . 
Without the loss of generality we can assume that K is the unknot contained in a 
small ball B C M. Take a G wi(C,K). Let a G wi(C,K) be the deformation of 
K induced by the ambient diffeotopy of M that is the sliding of B (with K in it) 
along the loop t(a). Clearly 8(a) — A~ lk (cf) = and a = ^117^7™' f° r some 
m G Z, Oi = ±1, and spheroids Sj of the type described in 3.2.4. After this the 
proof follows immediately similarly to the case of Statement 1. 

Below in the Proof of the Theorem we assume that K is not contractible. 

Let Mi be the irreducible summand of M that contains K. Proposition 3.2.2.2 
implies that the centralizer of K G 7Ti(M, K(l)) is canonically isomorphic to the 
centralizer of K G 7Ti(Mi, K (1)). Thus the /i-principle, see 3.2.1, implies that for 
any a G iti(C,K) there exists a G tt\{C,K) with i(a) = i(a) G -K\(M,K(1)) such 
that a is realizable by a deformation of K (in the space curves) that does not take 
K outside of M 1 . 

Lemma 3.2.5 says that a = <3(n7<J)7:T > f° r some m G Z, (Tj = ±1, and spheroids 
s of the type described in 3.2.4. 

By Lemma 4.1.1 we get that 8(a l ) = 2mi+5(a l ) and A~ lk (o: t ) = 2mi+ A— p k (a*) , 
for any nonzero i G Z. 

Now statement 2 follows immediately from the following Theorem 4.1.5. (This 
finishes the Proof of Theorem 4.0.6 and of Theorem 2.0.2 modulo the Proof of 
Theorem 4.1.5.) □ 

Remark 4.1.4. Every compact manifold also admits a decomposition into a con- 
nected sum of prime manifolds, see for example [24] exercise 11.18. Thus the above 
proof of statement 1 of Theorem 2.0.2 holds for compact (not necessarily closed) 
M ^ (S 1 x S* 2 )#M' decomposed as a sum of primes. 

Theorem 4.1.5. Let M be a closed oriented irreducible 3-manifold, let C be a 
connected component of the space of curves in M that consists of not contractible 
curves, and let K G C be a knot. Then for any a G tt\ (C, K) there exists a nonzero 
i G Z such that = A- fk (a i ). 

4.2. Proof of Theorem 4.1.5. By the Sphere Theorem [22] tt 2 (M) = 0. Let 
t : iri(C,K) — > Z(K) < 7Ti(M, K(l)) be the homomorphism introduced in 3.2.1. 

If tt\(M) is finite, then for any a G tti(C, K) there exists i ^ such that t(a l ) = 
1 = t(l). Lemma 3.2.5.2 says that there exists to G Z such that a' 1 = j™. Now 
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Lemma 4.1.1 implies that 8(a l ) = 2m = A~ k (a*). This finishes the proof in the 
case of 7Ti (M) being finite, and below in the proof we assume that ~K\ (M) is infinite. 

Since tti(M) is infinite and M is orientable and irreducible, the result of Epstein, 
see [12] or [22] Corollary 9.9, implies that wi(M) is torsion free. 

Let p : STM = S 2 x M -> M be the S^-fibration. To a loop a in C such that 
a(l) = K we correspond a mapping fi a : S 1 x 5 1 — > STM as it is described in 3.2.1. 
Put £ Q = : S* 1 x S 1 -> M. 

Definition 4.2.1. Let M' be a compact oriented 3 manifold and let F ^ S 2 be a 

surface. A map ^ : F M' is essential if kcr(*» : 7Ti(F) m(M')) = 1. 

Lemma 4.2.2. Lef A'/' &e a submanifold of an oriented closed irreducible M with 
infinite ni(M) such that ^(M 1 ) = and the inclusion i : M' — > M induces the 
infective homomorphism i* : wi(M') — > wi(M). Let a be a loop in the space of 
curves in M such that Im p, a C M' and p, a : S 1 x S 1 — > A'/' is noi essential. Then 
A~f k (a) = 5(a) (for the homomorphisms A— ^ and 5 defined with respect to the 
ambient manifold M). 

4.2.3. Proo/ of Lemma 4.2.2. Since ker/2 Q „ ^ 1 and tt^S* 1 xS 1 ) = Z ® Z is 
generated by 1 x S 1 and S 1 x 1, we have that = (/2 a . (1 x S 1 )^ = (S 1 x l)) 4 = 
t(a) 1 e 7Ti(M', AT(1)), for some i,j G Z (that are not both zero). Since m(M) is 
torsion free and i* : 7Ti(M') — > 7Ti(M) is injective, we have that iri(M') is torsion 
free. Thus both i and j are nonzero. 

Clearly t(ji) = K G 7Ti(M, X(l)) for the loop 71 introduced in 3.2.4. Since 
7T2(M') = 0, Lemma 3.2.5.2 implies that there exists m G Z such that a 1 = 75* 7™. 
Lemma 4.1.1 says that A-^i) = 6(71) = and A~ lk (7 2 ) = ^(72) = 2. Thus 
A—f k (a l ) = 8(a l ) and since i^Owe get the statement of the Lemma. □ 

Remark 4.2.4. Lemma 4.2.2 proves the Theorem for nonessential p, a . Below in 
the Proof we assume that p, a is an essential mapping. 

Clearly the proof above can be easily modified to show that if the prime (not 
necessarily closed) summand of compact M ^ (S 1 x S 2 )ffM' that contains K G C 
does not have essential tori, then both aslk and aslk invariants are defined for all 
knots in T 1 . 

Definition 4.2.5. A surface F ^ S 2 , properly embedded in a 3-manifold M' 
(or embedded into dM'), is compressible, if there exists a disc D 2 C M such 
that D 2 n F = dD 2 and dD 2 is not homotopically trivial in F; otherwise F is 
incompressible in M. A compact orientable irreducible 3-manifold is Haken if it 
contains a two-sided incompressible surface. 

Definition 4.2.6. Let (fi, v) be a pair of relatively prime integers. Let D 2 = 
{(r, 9);0 < r < 1,0 < 9 < 2tt} be the unit disc with polar coordinates. A fibered 
torus of type (fi,y) is the quotient of D 2 x [0,1] via ((r,0),l) = ((r,0 + ^),0). 
The fibers are the closed curves that are the unions ((r, 8) x [0, 1]) U ((r, 9 + — ) x 
[0, l])U((r,0+^) x [0, 1])U. .. etc. for fixed (r,9). I£ |/x| > 1, then the solid torus 
is said to be exceptionally fibered , the core of the torus is the exceptional fiber, and 
li is the index of the exceptional fiber. Otherwise the torus is regularly fibered and 
each fiber is a regular fiber. 

An orientable 3-manifold M' is called Seifert- fibered if it is a union of pairwise 
disjoint closed curves (fibers), such that each fiber has a neighborhood consist- 
ing of fibers that is homeomorphic to a fibered solid torus via a fiber preserving 
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homeomorphism. A fiber of a Seifert manifold M' is exceptional if its neighbor- 
hood is homeomorphic to an exceptionally fibered solid torus via a fiber preserving 
homeomorphism. 

The quotient space obtained from M' via identifying all points in the fiber for 
all the fibers is the orbit space and the images of the exceptional fibers are the cone 
points. 

Definition 4.2.7 (of a characteristic submanifold). A codimension zero submani- 
fold S of a closed oriented manifold M is called a characteristic submanifold if 

1: each component X of S admits a structure of a Seifert-fibered space or of 

a total space of a [0, l]-bundle; 
2: if W is a nonempty codimension zero submanifold of M that consists of 

components of M \ S, then S U W does not satisfy 1; 
3: if S' is a codimension zero submanifold of M that satisfies 1 and 2, then 

S' can be deformed into 5* by a proper isotopy. 

Remark 4.2.8. Since <5, A as ik and A~ k are homomorphisms to an abelian group 
Z, they can be considered as homomorphisms Hi (C) — > Z. In particular the values 
of the homomorphism depend only on the conjugacy class of a loop in ni(C) and 
further in the proof we are free to change the mapping fi a : S 1 x S 1 — > STM to any 
mapping homotopic to it. Using this observation and Lemmas 3.2.5 and 4.1.1 we 
get that in fact further in the proof we are free to substitute instead of the mapping 
pa = p{^a) ■ S 1 x S 1 — > M any mapping of the torus homotopic to it. 

4.2.9. Let us reduce the proof of the Theorem in the case of essential fi a , to the 
case where the homotopy a happens inside a Seifert-fibered submanifold S of M 
with ir 2 (S) = 0. 

The Torus Theorem by Casson-Jungreis [3] and Gabai [14] says that since p, a is 
essential, then either M contains an embedded incompressible torus, and thus is 
Haken, or it is a Seifert-fibered space. If it is Seifert-fibered then we have made the 
reduction, so consider the case where M is Haken. 

The results of Jaco and Shalen [25] and Johannson [26], Proposition 9.4, say 
that M has a well-defined characteristic submanifold S. The Enclosing Theorem 
by Jaco and Shalen [25] and Johannson [26], Theorem 12.5, says that since M is 
Haken there exists a mapping A : S 1 x S 1 — > S C M such that A is homotopic 
to p, a . There are only two oriented total spaces of [0, l]-bundlcs over surfaces that 
admit essential mappings of S* 1 x S 1 . They are the [0, 1] x S 1 x S 1 and the unique 
[0, l]-bundle over the Klein-bottle with oriented total space. Both these two spaces 
admit the structure of a Seifert-fibered space. (In the case of a [0, l]-bundle over 
the Klein bottle it is a Seifert-fibered space over a Moebius strip.) Thus we get 
that A is a map into a Seifert-fibered component of S. 

Now Remark 4.2.8 and /i-principle 3.2.1 allow us to assume that p, a is contained 
in the Seifert-fibered component of S. 

Finally to complete the reduction we observe that clearly the value of 5(a) does 
not depend on whether we regard S as a homomorphism from 7ri of C or of Cs- 
(Here Cs is the component of the space of all curves in S that contains K.) The 
inclusion of every component of S into M induces a monomorphism of fundamental 
groups, (see [26] remark on p. 27 and 8.2). Thus the value of A a ^(o;) also does not 
depend on whether we regard A— ^ as a homomorphism A— p k : tti(C,K) — > Z or 
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as A~ k : m(Cs,K) — ► Z. Also since the homotopy a' happens inside a Seifert- 
fibered component of the characteristic submanifold S of irreducible M, we have 
that n 2 (S) = 0. 

Thus we have reduced the proof of the Theorem to the case where M is an oriented 
connected compact (not necessarily closed) Seifert-fibered manifold, with TT2(M) = 0, 
ni(M) is torsion free, fi a is an essential torus in M (see Lemma 4-2.2), and K is 
a non-contractible knot in M. 

Remark 4.2.10. A straightforward verification shows that the proof of Theo- 
rem 4.1.5 holds under the assumption that M is a compact (rather than closed) 
prime manifold that either does not admit essential tori; or is Hakcn, so that p, a is 
homotopic into a characteristic submanifold. 

Definition 4.2.11. Let q : S — > F be a Seifert-fibration. A mapping A : S 1 x S 1 — > 
S is said to be vertical with respect to q if q~ 1 (qX(S 1 x S 1 )) = X(S 1 x S 1 ) and 
X(S 1 x S 1 ) does not contain exceptional fibers of q : S — > M. 

The following three Lemmas prove the Theorem in the case where p, a is homotopic 
to a vertical mapping of S 1 x S 1 . 

Lemma 4.2.12. Let p : S — > Y be a locally trivial S 1 -fibration of an oriented 
manifold S over a (not necessarily orientable) manifold Y. Let f G iri(S) be the 
class of an oriented S 1 -fiber of p, and let a be an element of iri(S). Then: 

a: af = fa e ni(S), provided that p(a) is an orientation preserving loop in 
Y; 

b: af = f~ 1 a G ni(S), provided that p(a) is an orientation reversing loop in 
Y. 

4.2.13. Proof of Lemma 4-2-12. If we move an oriented fiber along the loop a G 
S, then in the end it comes to itself either with the same or with the opposite 
orientation. It is easy to see that it comes to itself with the opposite orientation if 
and only if p(a) is an orientation reversing loop in Y. □ 

Lemma 4.2.14. Let p : N — > G be a Seifert-fibration, let F C G be a connected 
submanifold with boundary that does not contain cone points. Let M = p^ 1 (F) C 
N , and let p : M — > F be the corresponding locally trivial S 1 -fibration. Let a be a 
homotopy of a non-contractible knot K such that p, a C M, then A~ lk (a) = 5(a). 

4.2.15. Proof of Lemma 4-2-14- Put / to be the class of the oriented fiber of 
p : M -> F. Let t : m(C,K) -> Z(K) < -k 1 (M,K(\)) be the homomorphism 
introduced in 3.2.1. 

Consider the case of p(K) / le tti(F). Clearly p.i(a) G Z{jp t {K)) < n^F). 
Since dF ^ 0, we have that n\(F) is a free group. Since p(K) ^ 1 e iri(F), we 
get that there exists i ^ and j such that p*t(a l ) — p*(Ki) G tti(F). Using 
Lemma 4.2.12 and the fact that / generates kerp*, we obtain that there exists k 
such that 

(3) t(a i )=K*f k eir 1 (M,K(l)). 

Consider the case of p(K) being an orientation reversing loop on F . Since t(a l ) 
commutes with K in 7Ti(M) and by Lemma 4.2.12 fK = Kf -1 , we get that f 2k = 1. 
Since 7r 2 (M) = 0, we have that / has infinite order. Thus k = and t(a l ) = KK 
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Let 71 be the isotopy of K to itself introduced in 3.2.4. Clearly £(71) = K. 
Thus by Lemma 3.2.5 we get that a 1 = 7^7!, for some seZ. Using Lemma 4.1.1 
we get that A a ^ k (a 4 ) = 5(a l ). Since i was chosen to be nonzero we get that 

Consider the case ofp(K) being an orientation preserving loop on F. Since M is 
orientable, we get that the S^-fibration over S 1 (parameterizing the knots) induced 
from p by poK : S 1 — > F is trivializable. Hence we can coherently orient the fibers 
of the induced fibration p : S 1 x S 1 — > S 1 . The orientation of the S' 1 -fiber of p over 
t <E S 1 induces the orientation of the 5 1 -fibcr of p that contains K(t). Let 73 be 
the homotopy of K that slides every point K(t) of K inside the fiber that contains 
K{t) with unit velocity in the direction specified by the orientation of the fiber of 
p over t 6 S 1 . Clearly £(73) = /. Thus a % = 71737I, for some s 6 Z. 

Let us show that A— ^(73) = 0. The only singular knots that arise under 73 are 
those that have a double point projecting to a double point d ofp(K). Every double 
point d ofp(K) separates p(K) into two loops (that may intersect each other). Since 
p{K) is orientation preserving, either both of these loops are orientation preserving 
or both are orientation reversing. 

If the two loops of p{K) separated by d are orientation preserving, then the two 
points of K over d induce the same orientation of the fiber. Thus under 73 the two 
branches of K over d slide in the same direction and such double points d do not 
correspond to any input into A~ k . 

If d separates p{K ) into two orientation reversing loops, then the two points 
of K over d induce the opposite orientations of the fiber over d. Thus the two 
branches of K over d slide in the opposite directions under the deformation 73, 
and such d correspond to singular knots arising under 73. However both loops of 
the arising singular knots project to orientation reversing loops on F and hence to 
orientation reversing loops on G. Thus they are not contractible in M, and we get 

that A a7lk(73)=0. 

If one considers a framing of K that is nowhere tangent to the fibers of p, then it 
becomes clear that £(73) = 0. Since $(71) = A— lk (7i) = and 5(j 3 ) = A -^(73) = 
2, we get that A— ^(a*) = 8{a l ). Since i was taken to be nonzero we get that 

Consider the case of p(K) = 1 G n\(F). Since if ^ 1 e M we have that 
K = / , for some k ^ 0. Using 4.2.8 we can assume that K is the (1, k) toric knot 
on the torus that is p~ 1 p(K). 

Clearly p^t{a 2 ) is an orientation preserving loop on F. Let 7 Q 2 be the isotopy 
of K such that p{^i a 2 (x)) is a small circle at every moment of time x, 7 Q 2 (x) is the 
(1, k) toric knot on the torus that is p~ 1 p(j a2 (x)), and t(^ a 2) = t(a 2 ). (It is easy 
to verify that such an isotopy really does exist.) Since j a 2 is an isotopy, we have 

A a7lk(7o0 = 0. 

Thus a 2 = 7a 2 7f 7 f° r some s e Z. If one considers the framing of K such that 
the projections of the framing vectors to F are orthogonal to the circle p{K), it is 
easy to verify that 6(7^2) = 0. Since A -^(72) = 6(72) = 2 and A-^^) = 0, 
we have /S.~^.{a 2 ) — S(a 2 ). Thus A^ k (a) = 5(a). This finishes the proof of the 
Lemma for all the cases. □ 

Lemma 4.2.16. Let q : M — > F be a compact oriented (not necessarily closed) 
Seifert-fibered manifold with iT2(M) — 0. Let p. a ■ S 1 x S 1 — > M be homotopic to a 
vertical torus A : S 1 x S 1 — > M . Then A~ lk (a) = 5(a). 
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4.2.17. Proof of Lemma J^.2.16. Let M' C M be a thin neighborhood of Im(A) 
such that it is locally-trivially S^-fibered over a thin neighborhood of q(X) C F. 
Let q' : M' — > F' be the corresponding locally-trivial S' 1 -fibration. Since M' is 
thin, we can assume that F' has nonempty boundary. Now Lemma follows from 
Remark 4.2.8, /i-principle 3.2.1, and Lemma 4.2.14. □ 

Thus we have reduced the Proof of Theorem J^.1.5 to the case where \x a is an 
essential torus inside of an oriented compact (not necessarily closed) Seifert-fibered 
space M with 7r 2 (M) = and ni(M) torsion free. (In particular m(M) has to be 
infinite.) The arguments above give the proof of the Theorem in the case where p, a 
is homotopic to a vertical torus. 

4.2.18. As it is shown in [26], see Propositions 5.13 (and remark after it) and 7.1, 
for most Seifert-fibered manifolds all essential tori are homotopic to vertical ones 
for some choice of Seifert-fibration structure. 

The only compact Seifert-fibered manifolds where this statement is not proved 
in [26] are: 

1: Seifert-fibered spaces with the orbit space RP 2 and at most one exceptional 
fiber; 

2: Seifert-fibered spaces with I exceptional fibers and the orbit space being 
S 2 with to holes, I + to < 3. 

If M is Seifert-fibered over MP 2 with at most one exceptional fiber, then the 
orientation cover S 2 — > MP 2 induces a two fold cover M — > M. The manifold M 
admits a structure of a Seifert fibration over S 2 with at most two exceptional fibers. 
As it is shown by Orlik [35] such M is a lens space. Since 7T2(M) = 0, we get that 
7r 2 (M) = 0. Thus 7Ti(M) and 7Ti(M), are finite and we get the proof for this case. 

Below we consider the case where M is a Seifert-fibration over S 2 and I + m < 3. 

Consider the case of m ^ 0. If I = 0, then the proof follows from Lemma 4.2.14. 

We shall use the standard presentation of 7Ti of a Seifert fibered space, see for 
example [24] . For a Seifert-fibered manifold M over a sphere with I ^ exceptional 
fibers and m ^ holes we get that 

(4) n 1 {M) = {c 1 ,...,ci,d 1 ,..., d^, f\cjf = fcj,djf = fdj,^ = 

where ctj is the index of the jth exceptional fiber, < (5j < ctj, f is the class of the 
regular fiber, and projections of Cj and dj go around the jth cone point and jth 
hole on S 2 , respectively. 

For all the three cases (I = 1,to = 1), (I = l,m = 2), and (I — 2, m = 1) 
the image of the quotient homomorphism p : in (M) — > m (M) /F by the normal 
subgroup F generated by / is the free product * of cyclic groups. 

An exercise in group theory shows that for any finitely generated groups G\ , G2 
and g E Gi -k G 2 - 

a: the centralizer of g is isomorphic to the infinite cyclic group, provided that 
g is not conjugate to an element of G\ * {1} < G\ * G2 or to an element of 

{l}*G 2 <Gi*G 2 ; 
b: if g ^ 1 and there exists g such that g~ 1 gg = g' * {1} S G\ ★ G 2 , then 
the centralizer of g is g^ 1 (Z(g') * {1})<7, where Z(q') is the centralizer of 

Thus if p{K) ^ 1, then for every a € tti(C) there exists i ^ and j e Z such 
that p(t(a 1 )) = p(t(~f{)), see 4.2.15. If p(K) = 1, then for every a £ ni{C) we get 
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that p(t(a 2 )) = p(t(j a 2 j). Using these observations and the fact that / is in the 
center of 7ri(M) we get the proof in the cases (I = l,m = 1), (I = l,m = 2), and 
(I = 2,m = 1) repeating the arguments of 4.2.15. 

Below we assume that m — 0. If m = I = 0, then since M is irreducible we 
have that 7Ti(M) = Zj, where i G Z = H 2 (S 2 ) is the Euler class of the locally-trivial 
^-bundle M -> S 2 . (If i = 0, then M = S 1 x S 2 .) Since in these cases m(M) is 
finite, we get the proof. 

If m = and Z = 1, or m = and I = 2 then M is a lens space, see for example 
Orlik [35] p. 99. Since M is irreducible it has a finite fundamental group and we 
have finished the proof in these cases. 

Consider the case of m = and I = 3. Let r, s, t e N be the multiplicities of the 
exceptional fibers. The quotient group of m (M) by the subgroup generated by the 
regular fiber of q is the triangle group A(r, s, t). 

The result that can be found in [35] pp. 100-101 says that if 7 + ^ + j > 1, then 
7Ti(M) is finite and thus M does not contain essential tori. 

The results of Hass, see [20] Theorem 1 and Lemma 2, (some of these results 
were independently obtained by Gao [13]) imply that every essential mapping of a 
torus to a closed irreducible Seifert fibered manifold over an orientable surface is 
homotopic to either a vertical immersed one or to a horizontal immersed one. (A 
mapping is horizontal if it is everywhere transverse to the fibers of the fibration.) 
It is easy to see from the work of Scott [36] that in the hyperbolic triangle group 
case, 7 + 7 + 7 < 1, if the mapping of a torus is horizontal then the torus has 
a negative curvature metric. Since this is impossible, we get that every essential 
mapping of a torus in the hyperbolic triangle group case is homotopic to a vertical 
one, and we get the proof for this case. 

The only Euclidean triangle groups are A(2, 3, 6), A(2, 4, 4), and A(3, 3, 3). Since 
we have already proved the Theorem for all the cases where essential tori are ho- 
motopic to vertical tori, we get from the work of Hass [20] that the only manifolds 
corresponding to Euclidean triangle groups we have to consider are those that con- 
tain horizontal immersed tori. Thus the Euler number of the Scifcrt-fibration should 
be zero, see for example [21]. 

Following the work of Kirk and Livingston [31] we observe that the only Seifert- 
fibered manifolds that correspond to the Euclidean triangle groups and have zero 
Euler number are: 

1: M( 2 .3,6) w ith Seifert invariants of the fibers {(2, 1), (3, —1), (6, —1)}; 

2: with Seifert invariants of the fibers {(2, 1), (4, —1), (4, —1)}; and 

3: Af( 3i3j3 ) with Seifert invariants of the fibers {(3, 1), (3, 1), (3, —2)}. 

These spaces have structure of torus-bundles over a circle with a finite order mon- 
odromy (see [31], or [21] for a more detailed explanation). The monodromy maps for 
-^(2,3,6) i -^(2,4,4), arid Af( 3; 3 i3 ) are given respectively by the linear maps R 2 /Z 2 — > 
R 2 /Z 2 determined by the matrices 




Thus their finite covering is S 1 x S 1 x S 1 . To prove the Theorem for these three 
manifolds we will need the following Lemma. 
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Lemma 4.2.19. Let q : S 1 x S 1 x S 1 — > M be a finite covering. Let C be a connected 
component of the space of curves in S 1 x S 1 x S 1 and let K G C be a knot such that 
K = q(K) is a nonsingular knot. Put C = q(C). Then A~^(a) = 5(a), for every 
a G 71"! (C, K). 

4.2.20. Proof of Lemma 4-2.19. The lifting of a loop a C C to C connects K to 
another lifting of K. Since the covering q : S 1 x S 1 x S 1 — > M is finite, there exists 
i i= such that a 1 lifts to a homotopy a 1 of K to itself. 

Similarly to 4.2.15 we get that a' 1 — 73^73^27^3 7™; f° r some i\, 12,13,171 G Z, 
where 73,1,73,2,73,3 are loops of type 73 with respect to the three obvious locally- 
trivial S' 1 -fibration structures on S 1 x S 1 x S 1 . Put 7 = 73^73^2 7^3 € 7Ti(C) and 
7 = 3(7) G tti(C). Clearly a* = 77™. 

Since g is a covering and 7 is an isotopy, 7 (which is not necessarily an isotopy) 
does not contain singular knots with a double point splitting the singular knot into 
two loops one of which is contractible. Thus A~ k (7) = 0. Clearly 8(j) = 0, and 
by Lemma 4.1.1 £(72) = A~ lk (7 2 ) = 2. Thus 5(a % ) = A— ^(a 1 ), and since i^Owc 
have 8(a) = A~^ k (a). □ 

For all the three manifolds M G {Af( 2 ,3.6) , ^(2,4,4)1 ^(3,3,3)} the fundamental 
group of M is a semi-direct product ni(T 2 ) oc 7Ti(5 1 ) = (Z © Z) oc Z. Let 
to, Z G 7Ti(S' 1 x S* 1 ) be the classes of respectively the meridian and the longi- 
tude, and let / G 7ri(5 1 ) be the generator. For a, a' G Z © Z and f l ,fi G Z 
the product (a, f)(a' , f j ) G (Z © Z) oc Z is given by «(/ 4 )(a'), f +J ) whcrc 
£(/')(«') = / i o'/- i €7ri(M). 

The action ^(f k )(m l P) is calculated as follows. Let D G M 2 (Z) be the mon- 
odromy matrix of the torus bundle M — > 5 1 . Put 

i' 1 ^.k I i 

— D 



3 J \ 3 

Then 

(5) £(/ fe )(m¥) =m i 'v'. 

We prove the Theorem for M = M^^). The proof of the Theorem for M G 
{-^(2,3,6)1-^(2,4,4)} is completely analogous to the case of M = M( 3 3 3 ) but the 
calculations are a bit harder. 

The matrix C that describes the monodromy of Af( 3 3 3 ) — > S 1 has order 3. Thus 
£(/ 3/c )(a) = a, for every k G Z and a G 7Ti(T 2 ). 

Take a knot K G C and a G 7Ti(C,K). Then t(a 3 ) = (a'J 3k ') and X = 
(a,/ 3fe +™), for some a, a' G tt^T 2 ), k,k' G Z, and n G {0,1,2}. Since t(a 3 ) 
commutes with K in wi(M) we have that 

(6) H(f k+n )(a'), f 3k+3k '+ n ) = (a'£(f k ')(a), f 3k + 3k '+ n ). 
Since tti(T 2 ) is commutative and £(/ 3fc )(a) = a, we get that 

(?) a/ 3fc+ri )(«') = «'- 

Consider the case of n G {1,2}. Then one uses (5) to verify that a' = 1 = 
© G Z © Z (provided that n G {1,2}). Thus t(a 3 ) = (l,f 3k ') G (Z © Z) oc 
Z. A straightforward calculation shows that K 3 = (a, f 3k+n ) 3 = (l,/3(3fc+")) g 
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7Tl(M ( 3,3,3),^(l)), thus K 3k ' = (l^/Sfe'Ofe+n)) = ^jSk'^k+n = ^(Sfc+n)) g 

Let 7! g tti(C, X) be the loop introduced in 3.2.4. Then t( 7l ) = K and t(^ k ') = 

t ( a 3(3k+n)y Thus a 3(3fe+n) = for gomc g g z _ g incc A~ k ( 7l ) = <$( 7l ) = 

and A a7lk ( 72 ) = (5(7 2 ) = 2, we get that A a7lk (a 3 ( 3fc +")) = <5(a 3 ( 3fe +")). Since 
3(3fc + n) 7^ 0, we have A~ k (a) = 5(a) and this finishes the proof for M = M( 3i3i3 ) 
and K = (a, f k + n ) g tti(M) with n g {1, 2}. 

Consider the case where n = 0. Then if is liftable to the total space of the three 
fold covering S 1 x S 1 x S 1 — ► M( 33 j3 ), and Lemma 4.2.19 implies the statement of 
the Theorem. 

This finishes the proof of Theorem 4.1.5 for M — M( 3j3i3 ), and thus for all the 
remaining cases. This is also the end of the Proof of Theorem 2.0.2. □ 

Remark 4.2.21. Most parts of the proof above work if one tries to construct the 
aslk invariant for knots homotopic into an irreducible summand Mj of a closed 
oriented manifold M ^ (S 1 x S' 2 )#M'. There are exactly two steps that collapse. 
They are: 

1: The step in the proof of Lemma 4.2.14 when p(K) has double points d that 
split p(K ) into two orientation reversing loops. In this case it is easy to 
construct examples showing that aslk does not always exist. However, if 
for K such d do not exist (or if the total input of all of them into A as ik(7 3 ) 
is zero) this step works for aslk. 
2: The proof of Lemma 4.2.19 does not work for the aslk invariant. Thus we 
can not prove the existence of the aslk for Mj g {M( 2 , 3,6)1 -^(2,4,4)1 -^(3,3,3)}- 
In particular the aslk invariant does exist if the irreducible summand Mj of 
M (into which K is homotopic) is not one of M( 2l 3 l 6)i -^(2,4,4)1 -^(3,3,3) an d the 
components of the characteristic submanifold of Mj do not admit a structure of a 
Scifcrt-fibration over a nonoricntable surface. 

5. Proof of Theorem 2.0.5 

Let Kf be K with some framing. Put Kf, i G Z, to be framed knots defined 
in 1. If I K I 7^ 00, then there exists i 7^ j g Z such that Kj and are isotopic 
framed knots. 

Since the isotopy that changes to Kj happens in a compact part of M, and 
M is realizable as a connected sum (S 1 x S' 2 )#M if and only if M contains a 
non-separating sphere, we can assume in the proof that M is compact. 

The following result 5.0.22 was told to the author by S. Matveev [33] and it 
allows us to assume that M is closed. 

Lemma 5.0.22. Let M be a connected compact oriented 3-manifold that does not 
contain an embedded non-separating 2-sphere, then M is realizable as a submanifold 
of a closed oriented 3-manifold N such that N also does not contain an embedded 
non-separating 2-sphere. 

5.0.23. Proof of Lemma 5.0.22. Let Df, i g /, be a maximal collection of embedded 
non-intersecting disks in M with the properties that dDf C DM and the union of 
D 2 does not separate M. Let M' be a connected compact manifold obtained by 
cutting M along all of the disks Df, i E I. Clearly there are no embedded non- 
separating disks D 2 in M' with 3D 2 C dM' . Let TV be a closed oriented 3-manifold 
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that is the double of M' i.e. N is obtained by gluing together two copies M[ and 
M' 2 of M' with the opposite orientations along the identity automorphism of the 
boundary. Let M be an oriented submanifold of N obtained by gluing for every 
iE I a thin solid tube D 2 x [0, 1] to M[ inside of Ml, so that D 2 x {0} and D 2 x {1} 
are glued to the two copies of Df C 3M[; D 2 x (0,1) is mapped into N \ M[; 
and the thin tubes that correspond to different £ / do not intersect pairwise. 
Clearly M is diffeomorphic to M. 

Below we show that N does not contain embedded non-separating 2-spheres. Let 
D 2 , j e J, be a maximal collection of embedded pairwise non- intersecting 2-disks 
in M' with the properties that 3D 2 C 3M' and none of the pieces they cut M' into 
is D 2 x [0, 1]. Let S 2 , j E J, be the embedded 2-spheres in N obtained by gluing the 
two copies of D 2 located in the two copies of M' along the common boundary. The 
spheres S 2 give a decomposition of N into a connected sum of closed 3-manifolds 
Nk, k 6 K, such that every Nk is a double of a compact 3-manifold Mk with the 
property that there are no embedded 2-disks D 2 in Mk with 3D 2 C 3Mk and 
3D 2 being a non-contractible loop in dMk- The manifolds Mk do not contain non- 
separating embedded spheres by the assumption of the Lemma, and the statement 
of the Lemma follows from the following Proposition. □ 

Proposition 5.0.24. Let M be a compact connected oriented 3-manifold that 
does not contain embedded non- separating 2-spheres and embedded 2-disks D 2 with 
3D 2 C 3M and 3D 2 / le m(dM). Then the double N of M does not contain 
embedded non- separating 2-spheres. 

5.0.25. Proof of Proposition 5.0.24- Assume that N contains an embedded non- 
separating 2-sphcrc. Take such a sphere i : S 2 — > N that is transverse to 3M 
and that has the minimal number c of connected components of the intersection 
i{S 2 ) n 3M. We show that c = and get a contradiction with the assumptions of 
the Proposition. 

Assume that c > 0. Take a circle 7 of i(S 2 ) D 3M that bounds an embedded 
disk in M. By assumptions of the proposition 7 bounds a disk D 2 C 3M. Take 
one of the inner most circles 7 of D 2 n i{S 2 ). Then 7 bounds an embedded disk 
D 2 C 3M such that IntD 2 Di(S 2 ) = 0. Cut i(S 2 ) along 7, take the two connected 
components of i(S 2 ) \ 7 and glue the boundaries of them with the copies of D 2 . 
We get two embedded spheres. Push slightly the glued disks off 3{M) into the 
corresponding copies of M and get that for both embedded spheres the number of 
connected components of their intersection with 3M is less than c. One of these 
embedded spheres is non-separating for homological reasons. This implies that 
c = 0. □ 

5.0.26. Now we have to prove Theorem 2.0.5 in the case where M is closed. 

Every oriented 3-dimcnsional manifold M is parallclizable, and hence it admits a 
spin-structure. A framed curve Kf in M represents a loop in the principal SO(3)- 
bundlc of TM. The 3-frame corresponding to a point of Kf is the velocity vector, 
the framing vector, and the unique third vector of unit length such that the 3-frame 
defines the positive orientation of M. Clearly the values of a spin structure on the 
loops in the principal S l O(3)-bundle of TM that correspond to Kj and Kj are 
different, provided that i — j is odd. Since the value of a spin structure depends 
only on the connected component of the space of framed curves, we get that Kj 
and K i with i—j odd are not homotopic. Hence in our case i — j = 2k is even. 
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For simplicity we assume that k > 0. Consider a homotopy of Kj that is a 
framed version of 7*, see 3.2.4 for the definition of 72. In the end of this homotopy 
we get Kj. 

Now we use Theorem 2.0.2. In the case where K is homotopic to a loop in an 
irreducible summand of M = #j e jMj by Theorem 2.0.2 the aslk invariant is well- 
defined. Since one of the loops of the singular knot arising under 72 is contractiblc, 
we get that aslli(Kj) — &s\k(Kf) — 2k. Thus every homotopy between Kj and 

involves at least k passages through a double point and Kj is not isotopic to Kj. 

If K is not homotopic to a loop in one of the irreducible summands of M = 
#j e jMj, then the proof is obtained in a similar way using the aslk invariant that 
is known to exist by Theorem 2.0.2. □ 
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